Abstract: It has recently been shown that the presence of a spectator pseudoscalar field, coupled to photons through a Chern-Simons term, can amplify the primordial tensor spectrum without observationally disrupting the primordial scalar spectrum. The amplification occurs due to an instability that develops for the vector fields. We consider the extension of previous studies to account for the contribution arising from an inhomogeneous vector background which is generated prior to the onset of inflation. We find that there may be contributions in which net momentum is transferred between the inhomogeneous vector background and the gravitons, which would give rise to a signature different than in the absence of the semiclassical corrections. We discuss the properties the classical vector field form must have in order for these signatures to leave observable imprints, though we were unable to construct a model for generating such a vector field.
Introduction
One of the primary tests of the theory of inflation is the detection of B-mode polarization in the cosmic microwave background (CMB) which encodes the amplitude of primordial tensor fluctuations [1] . In the simplest models of inflation, such a measurement is expected to tell us the scale of inflation V (φ). However, the presence of additional pseudoscalar spectator fields during inflation could complicate the relationship between the tensor to scalar ratio r and scale of inflation V (φ) as shown by Barnaby et al. [2] .
Carroll, Field and Jackiw discovered that in the presence of a Lorentz violating Chern-Simons term, vector fields develop instabilities [3] . 1 This instability generically results in a spatially inhomogeneous amplification of the vector field. When the source of the Chern-Simons term Lorentz violation is a homogeneous pseudoscalar field which is slowly rolling 2 , the instability remarkably enhances the primordial tensor spectrum as discussed by Anber and Sorbo [5] . 1 For a review on how vector fields may be relevant for inflation in different contexts, see [4] and references therein. 2 The case of an inhomogeneous pseudoscalar slowly rolling will also result in a vector field instability, but we restrict our attention to the homogeneous case to make the problem more tractable. In order to be slowly rolling the pseudoscalar potential must satisfy potential flatness conditions familiar from inflationary theory,
Previous studies have considered a vector field background that is either spatially homogeneous [6] or vanishing [2] . However, generically the instability will exponentially amplify any small deviation away from homogeneity. This may prompt the question whether there could be observable effects due to an initial inhomogeneous classical vector field configuration. In this work, we illustrate what type of functional form the classical vector field must have to leave observable imprints. We were unable to construct a model which gives rise to a classical vector field with the appropriate properties.
The paper is organized as follows: we review the vector field instability in flat space [3] and de Sitter space [5] in section 2. In section 3 we review contribution of quantum loops to the tensor two point function. In section 4 we discuss the properties the classical inhomogeneous vector background must have to leave observable imprints. We conclude in section 5.
Vector field instability 2.1 Vector field instability in flat space
In this section we review the flat space vector instability discovered by Carroll, Field and Jackiw. They studied the bounds that arise on violations of Lorentz invariance and parity by considering the addition of a Chern-Simons term to the usual Maxwell theory in the current universe [3] ,
We use the notation that
αβµν F µν is the dual to the Maxwell tensor and the Levi-Civita symbol is always the flat space one with metric factors written explicitly. The four-vector p α parameterizes the breaking of Lorentz invariance.
The origin of the four-vector p α is constrained by imposing gauge invariance, i.e. that ∆L = 0 when ∆A µ = ∂ µ ψ, on the Chern-Simons term
Since we ultimately want to discuss this phenomenon in curved spacetimes, we use covariant derivatives. In order to satisfy gauge invariance for general ψ, the difference of covariant derivatives must vanish. We immediately see that this is satisfied if either p α is a constant or the derivative of a (pseudo)scalar field, p α = ∂ α χ, which is what we will consider in the next section.
The vector field exhibits an instability shown [3] by the dispersion relation for the field modes (for the sake of clarity we set p α = p 0 ),
3)
The λ = +1 polarization contains modes k < p 0 which experience runaway instability.
Vector field instability during inflation
The study of this instability was generalized by Anber and Sorbo [5] to the case of de Sitter evolution with a pseudoscalar field present,
For the problem to be tractable we take the χ field to be homogeneous. This simplification allows us to write a simplified action through integrating by parts
We choose initial conditions such that the homogeneous pseudoscalar field is slowly rolling and such that the vector backreaction onto the pseudoscalar evolution is small 3 . After Fourier expanding the vector field, we find the equations of motion to simplify tö
The parity violation in the dispersion relation is inherited from the Chern-Simons term and may lead to unique observational signatures as emphasized by [7] . We takeχ > 0 for definitiveness, then the λ = +1 polarization experiences an instability for values of (q/aH) < 2ξ. The expansion of the universe differentiates this case from the flat space study of [3] in two important ways. The first is that the scale factor introduces time dependence into the criteria for which modes will undergo exponential growth. Therefore modes will continually redshift into the instability regime as inflation proceeds as long as the pseudoscalar field remains homogeneous and slowly rolling. Furthermore, the overall scale factor suppression of the vector field frequency causes the vector field modes to eventually freeze out after some period of growth.
Previous studies have computed the contribution arising from quantum fluctuations, which we will present in the next section. In section 4 we will discuss requirements for allowing the classical initial inhomogeneous background to have observable effects.
Review of the quantum contribution
We study the inflationary model first considered by Barnaby et. al. [2] in which the field content from the previous section are spectator fields to the inflaton φ,
(3.1) The condition that the kinetic energy of the pseudoscalar field be subdominant to that of the inflaton ensures that the comoving curvature perturbation is dominated by the inflaton field contribution. For two homogeneous fields the scalar curvature perturbation and its evolution are given as [8] [9] [10] 
In theχ φ limit we recover the single field comoving curvature perturbation behavior expected for single field inflation. We have used Q f = H −1ḟ Ψ + δf to denote the field perturbations in the spatially flat gauge and Ψ as the longitudinal gauge spatial metric perturbation. Typically, the additional degree of freedom is expressed as an isocurvature perturbation for two fields with either the following normalization [11] [12] [13] , 4) or an alternative normalization,
Recently, Ferreira and Sloth [14] have shown that when rewriting the action in terms of the isocurvature perturbation there exists a vertex which couples R and FF . In particular, notice that for the conventions we have introduced we may rewrite the pseudoscalar fluctuation in terms of the isocurvature perturbation as
It was shown that the existence of the RFF coupling places a strong bound of the amount of vector field amplification, even if the pseudoscalar is only coupled gravitationally to the inflaton field. The case of allowing the pseudoscalar to roll for a small number of efolds was discussed and recently studied in greater detail by [15] .
We will now calculate the enhanced primordial tensor spectrum that results from the vector field instability. We take the usual vacuum mode function tensor fluctuations
We use the "in-in" formalism with the master equation (for any operator W(t)) [16] [17] [18] 
The Feynman rules may be derived from the relevant first and second order interaction Hamiltonians
h,int ⊃ − 1 16
The perturbative expansion of (3.8) leads to two different diagram topologies (see figure  1 ). There is a single vertex diagram (M 1 ) arising from one insertion of the second order interaction Hamiltonian and a two vertex diagram (M 2 ) arising from two insertions of the first order interaction Hamiltonian. The quantum loop calculation of the two vertex diagram with which we will compare has been treated in detail using an alternate formalism [2, 6, 7, 19, 20] , while the M 1 diagram has usually been assumed negligible for large ξ. This is reasonable since M 1 arises from a single interaction term of the form (hhAA) while M 2 contains the product (hAA)
2 . The number of vector modes present in each case sets the relative size of the diagrams: M 1 ∝ e 2πξ while M 2 ∝ e 4πξ . We find (in the helicity basis) the Figure 1 . Semiclassical and quantum loop diagrams generated by first and second order interaction terms. The two vertex diagram (M 2 ) contains four enhanced vector fields whereas the one vertex diagram (M 1 ) contains two, therefore the two vertex diagram is the dominant contribution to the primordial spectra.
following contribution from each diagram:
(3.10) The parity violation of the instability is evident from the coefficient discrepancy between the amplitudes for the two different helicities. Furthermore we conclude, as previous researchers have argued [21] , that the one vertex diagram is small compared to the two vertex diagram. Note it appears that for small ξ 3 the one vertex diagram dominates over the two vertex diagram, however in that case both diagrams are sub-dominant to the usual tree result and the expressions reported here are not valid.
We want to also emphasize that the U(1) coupled to the pseudoscalar could be a dark unbroken U(1) and the effect on the tensor two point function would still proceed as we have described.
Semiclassical contribution
The semiclassical diagrams, due to the presence of an inhomogeneous background, produce a more complicated momentum dependence in the correlation function since there may be net momentum transfer between the vector field and the tensor fluctuations.
However, we will show that the required properties of the classical vector field in order to leave observable imprints may be difficult to satisfy.
The initial conditions of the classical vector field at the onset of inflation are model dependent. However, there are some theoretical consistency bounds that we may impose. In order for inflation to proceed, the energy density of the vector field must be less than the potential energy of the inflaton. Furthermore, we do not want vector backreaction on the pseudoscalar field since that may disrupt its slow rolling [2] . 4 Therefore we require
The momentum space distribution of the classical vector field energy density should likely be centered around a physical momentum which does not greatly exceed the Hubble scale. The exact details of how this classical vector configuration is generated prior to the onset of inflation will not be discussed here, as we are only concerned as to whether it could have observable effects.
Recent analysis of the transition to inflation has indicated that there are typically eight or more efolds of inflation which must preceed the scales we observe in the CMB exiting the horizon [22] . For a transition timescale which is slow, this reduces to approximately three efolds. However, typical models for the onset of inflation are usually well approximated as rapid transitions. This implies that the energy density of the vector field is significantly redshifted prior to our cosmologically observable modes exiting the horizon since ρ ∝ a −4 . However, this will be the case for both the classical and quantum fluctuations of the vector field. Therefore the relevant comparison is how the classical F µν in the interaction Hamiltonian compares to the fluctuation of F µν for physical momenta scales p 3000H.
5
For quantum fluctuations, the electric field prior to enhancement is non-vanishing and scales as F fluct 0i,p ∝ √ p. Therefore the classical vector field should be excited in such a way as to have F classical 0i,p F fluct 0i,p for p 3000H. 6 We have been unable to construct such a mechanism for exciting classical vector fields with this property. Since the total energy density of the vector field is bounded by backreaction considerations (4.1), the most optmistic case corresponds to only a few modes (each with p 3000H) of the classical vector field being excited. Determining a concrete mechanism for generating 4 Note, it has been previously shown that satifying ρ A χ 2 /2 implies that the vector backreaction term may be ignored from the pseudoscalar equation of motion [2] for the quantum fluctuations. In principle one only needs to require that E · B χ 2 /2 to neglect the source term in the χ equation of motion and ρ A <φ 2 /2 to ensure that −Ḣ/H 2 = φ . Analysis of how the perturbation spectrum is changed forφ 2 /2 < ρ A < ρ φ is an interesting issue which must be studied carefully. 5 For the case of a very slow transition to inflation, this becomes p 20H. 6 A similar discussion holds for the magnetic field contribution. such a configuration so that detailed predictions may be made remains an interesting direction for future work.
Conclusion
A current challenge for inflationary cosmology is to ensure that any future positive detection of a primordial tensor spectrum is properly interpreted. It has been shown that simply by allowing for a spectator pseudoscalar field the interpretation may be made ambiguous due to amplified vector fields running in quantum loops. Since this ambiguity is the result of an instability that develops in vector fields coupled to the pseudoscalar through a Chern-Simons term, one may ask if the presence of an initial classical vector field component can effect observable quantities through semiclassical contributions.
In this paper we have discussed the amplification of inhomogeneous vector backgrounds which were generated prior to the onset of inflation, showing that the properties that must be satisfied by the classical vector background in order to have observable imprints may be difficult to satisfy. Recent studies show that there are typically eight or more efolds of inflation after the onset of inflation before our cosmologically observable modes exit the horizon [22] , causing the scales p 3000H to be irretrievably pushed outside of our observable horizon. This means a mechanism for exciting a classical vector background on scales p 3000H prior to the onset of inflation must be constructed with an electric field amplitude which dominates over the quantum fluctuation in electric field . We were unable to construct such a mechanism, though it remains an interesting direction for future studies.
